The transport of exogenous surfactant in an axisymmetric pulmonary airway lining is analyzed using the model based on lubrication theory to understand the parameters involved in surfactant replacement therapy for neonatal respiratory distress syndrome, including the ratio of film thickness-to-airway radius ε, and the initial exogenous and endogenous surfactant distributions. Numerical simulation of the model indicates that the film disturbance induced by Marangoni flow in low generation airways (small ε, such as trachea) would be more significant than that in high generation airways (large ε, such as bronchioles) for the same amount of instilled surfactant. The non-dimensional transport properties of the exogenous surfactant, however, are virtually identical in various airway generations considered. Increasing the initial local exogenous concentration enhances the surfactant transport and also intensifies the film disturbance. The presence of endogenous surfactant tends to moderate the shock-like film disturbance and also prolongs the extent of surfactant monolayer front. This, however, does not mean that the spread of exogenous surfactant is enhanced with the presence of endogenous surfactant. The extended monolayer is attributed to the compression of endogenous surfactant concentration in regions ahead of the advancing exogenous surfactant front.
Introduction
The interiors of pulmonary airways and alveoli are covered with a thin layer of viscous liquid lining. The pulmonary surfactant, secreted by type II epithelia cells in the alveolar zone, lowers the surface tension of the mucous film to not only increase lung compliance but also make the breathing smooth. With insufficient or inactive surfactant, the lungs will not expand easily and breathing becomes difficult. Neonatal respiratory distress syndrome (termed RDS) occurs in prematurely born infants when type II epithelia cells do not mature to produce adequate quantities of pulmonary surfactant [1] . Infants suffering from RDS breathe strenuously and may ultimately develop exhaustion, alveoli collapse, and suffocation due to low lung compliance.
Fujiwara et al. [2] were among the pioneering attempts to treat neonatal RDS by endotracheal administration of arti-ficial surfactants derived from animal lungs. Surfactant replacement therapy (termed SRT) is now the standard treatment for infants suffering from RDS [3] . The procedure involves instilling the exogenous surfactant dose into the trachea via an endotracheal tube. The neonate is then ventilated for a short period before the next dose is instilled. When the surfactant is introduced into the trachea, it lowers the local surface tension and forms surface tension gradient between the trachea and other smaller airways. The induced surface tension gradient results in a flow, called Marangoni flow, in the direction towards the higher surface tension (lower surfactant concentration) regions [4] . Through the Marangoni effect, the exogenous surfactants are delivered to the peripheries of surfactant-deficient alveoli. Despite the success of SRT coupled with mechanical ventilation strategies, RDS still remains the fourth leading cause of death among premature neonates in the US [5] . Furthermore, approximately 30% of those treated by SRT show only a transient response or do not respond at all to the treatments [6] .
Being provoked by the need to improve techniques and efficiency for SRT, the mechanisms of surface tension-driven interfacial flows within the pulmonary airways have recently been the subject of active research (see the recent review by Grotberg [7] ). Examples of these studies include those by Grotberg and co-workers [8] [9] [10] [11] [12] [13] , who explored systematically the transport of surfactants on a planar, thin, viscous film under various conditions and the parameters which control the processes, and the work by Davis et al. [14] , Espinosa [15] , Espinosa et al. [16] , who studied the spreading of surfactants in an axisymmetric, film-lined airway. By assuming a thin lined film, these studies employed the lubrication theory to analyze the transport of surfactants and the deformation of airway lining. The ultimate objectives of these theoretical models are to obtain a better estimate of the transit time needed for the surfactants to reach the lungs, and also to improve the efficiency of SRT through understanding of the detailed transport mechanisms. Nonetheless, given the complexity of the pulmonary airways and the vast variety of parameters that can influence the underlying physics, contradictory results of the transit time for the surfactants to reach the periphery were predicted from separate models. This is primarily attributed to the parameters involved and the treatments of real airway geometry that have profound effect on the behavior of the model. In this work, we reappraise the problem of surfactant spreading in an airway lining with the emphases on clarifying the underlying mechanisms that govern the delivery of exogenous surfactants and on assessing the possible impact of the surfactant redistribution on the liquid lining in surfactant replacement therapy.
Lubrication model
We focus on localized transport of an exogenous surfactant within a single airway lined with a thin liquid layer as considered in Davis et al. [14] and Espinosa et al. [16] . The transport model to be investigated is similar to that in Espinosa et al. [16] , and a brief summary of the formulation is given in the following.
An axisymmetric airway of circular cross-section with radiusR and lengthL is considered. A schematic of the model geometry and the cylindrical coordinate system is shown in Fig. 1 . The r-axis points to the airway radial direction, and the z coordinate coincides with the airway centerline. Initially, the interior of the airway is covered with an undisturbed, thin layer of liquid lining with a uniform thickness Fig. 1 . The geometry of a lined airway with insoluble surfactants distributed.h 0 . The liquid lining is assumed to be incompressible with a constant densityρ and Newtonian with a constant viscositỹ µ.
At the air-liquid interface of the lining, the surface tension isσ 0 when no surfactant is present. The presence of insoluble surfactant forms a monolayer that is redistributed by the advection of the liquid lining and the diffusion of the surfactant itself. The surface tension at the air-liquid interface decreases upon increasing the local surfactant concentration. The relationship between the surface tension and the surfactant concentration, which is called the equation of state, is in general non-linear and empirically determined [17, 18] . To encompass a large range of surfactant concentration a piecewise equation of state is required. Curve fitting of the experimental measurements for surfactant concentration below the saturated limit reveals matching of a non-linear Frumkin equation of state for the high surface tension region with a linear equation for the low surface tension regime [18] . For the model problem considered in the present study (see next section for the initial condition), the initial surfactant distribution spreads quickly after the instillation causing immediate reduction in the surface tension (see, e.g. Fig. 2 ). The linear equation of state is applicable except for region near the spreading front of the surfactant monolayer where the surface tension is high. Previous studies [8, 9] using non-linear equation of state indicate that only the disturbance of lining might be affected by the equation of state. The transport of surfactant, however, is only slightly dependent on the choice of the equation of state. Linear functional relationship is therefore used in this study.
By use of the surfactant-free surface tensionσ 0 to scale the surface tension, the non-dimensional linear equation of state is
where Γ = Γ(z, t) is the non-dimensional surfactant concentration scaled by the saturated concentrationΓ * . The constant α = (σ 0 −σ * )/σ 0 depends on the minimum surface tensionσ * at the saturated surfactant concentration. For typical lung surfactant,σ 0 ≈ 70 dyn/cm andσ * ≈ 25 dyn/cm [18, 19] , which results in α ≈ 0.64. The non-dimensional concentration Γ ranges from 0 to 1 with the corresponding non-dimensional surface tension decreases from 1 tõ σ * /σ 0 . By assuming the condition that ε =h 0 /R 1, lubrication theory can then be used, where ε is called the lubrication parameter. The variables of the geometry and the flow are rescaled by the corresponding characteristic scales such that the non-dimensionalized variables are all of order O(1). The spatial derivatives with respect to z and r are therefore rescaled byR andh 0 , respectively. Solenoidal condition of the substrate flow requires that the radial velocity be O(ε) of the axial velocity. The characteristic axial velocityσ 0 ε/μ can be considered as the shear velocity of the viscous layer driven by a characteristic surface tension. Accordingly, if we choose to scale the axial velocity byσ 0 ε/μ, the radial velocity will be scaled byσ 0 ε 2 /μ. The non-dimensional radial and axial velocities, v(r, z, t) and w(r, z, t), are of order O(1). The non-dimensional thickness of liquid film h(z, t), which is scaled by the undisturbed thicknessh 0 , is also of order O (1) .
For the airways considered in this study, the Reynolds number is Re =ρσ 0h0 ε 2 /μ 2 1. In the non-dimensional radial momentum equation, the inertial terms and the viscous terms are of order O(ε Re) and O(ε), respectively. Retaining only the leading-order radial gradient of pressure term and neglecting other higher-order terms, the radial momentum equation implies that p = p(z, t). For the axial momentum equation, neglecting the higher-order inertial terms of O(Re), and the viscous term of O(ε 2 ), it becomes
At the air-liquid interface,
, balance of the tangential shear stresses gives rise to the boundary condition, to leading order, as
Integrating the axial momentum equation (2) and imposing the interfacial tangential-stress condition (3) and the no-slip condition at the airway wall, the axial velocity can then be obtained as [14] εw(r, z, t) = −
In the normal direction of the air-liquid interface, surface tension induces normal stresses attributed to circumferential and interfacial curvatures, and are balanced by the pressure.
To leading order, the normal stress condition at the interface is
where
In addition to momentum conservation, the substrate flow should also satisfy the conservation of mass. Balancing the change in the rate of mass and the influx/outflux in a control volume, the mass conservation equation can be expressed as
where the flux q through a cross-sectional area with thickness h is
On the interface, the distribution of the surfactant concentration Γ = Γ(z, t) is governed by the convection-diffusion equation. For monolayer diffusion in the typical airway lining of human lungs (σ 0 ≈ 70 dyn/cm,μ ≈ 10 −2 dyn s/cm 2 , h 0 ≈ 10 −3 cm) [20, 21] , the surface diffusivityD s ≈ 10 −5 cm 2 /s [22] and the Pelect number, Pe =h 0σ0 /μD s , which characterizes the convection-diffusion transport ratio, is of order O (10 5 ). This means that the surface diffusion of surfactant is negligible in comparison with the convection. Expressing the surfactant concentration Γ(z, t) in terms of the new parameter β(z, t) = Γηκ −1 , the surfactant transport equation can be expressed as
where [w] r=η is the axial velocity at the air-liquid surface.
Numerical solutions
The leading-order transport equations (6) and (8) govern the evolution of the film thickness h(z, t) and the distribution of the concentration parameter β(z, t) with axial velocity w(z, t) and pressure p(z, t) given by Eqs. (4) and (5). The coupled non-linear partial differential equations are solved numerically. Third-order Adams-Bashforth scheme is used for time integrations. The spatial derivatives are approximated by second-order central difference scheme.
In the numerical results presented below, the length of the airway is assumed to be eight times of the radius, and accordingly, the non-dimensional axial coordinate ranges from z = 0 to 8. The initial non-dimensional thickness of the film is assumed to be uniform such that h(z, 0) = 1. To simulate the transport of an instilled surfactant dose, the initial non-dimensional surfactant distribution is prescribed by
and Γ(z, 0) = Γ end otherwise, which represents localized concentration around the entrance of the airway z = 0. The initial extent of the exogenous surfactant distribution is assumed to be L exo = 1 with the maximum exogenous concentration Γ exo occurs at z = 0. The pre-existing endogenous surfactant concentration Γ end is assumed to be uniform at the entire lining.
With the prescribed initial surfactant distribution, the concentration is symmetric about z = 0. The induced Marangoni flow is also symmetric about z = 0 and accordingly the axial velocity w, the substrate flux q and the gradient of lining thickness h z all vanish at the entrance of the airway. From (4), (5) and (7), this implies that σ z , p z and h zzz also need to be zero at the entrance. The same boundary conditions are imposed at the end of the airway.
Results and discussion

Film disturbance and surfactant spread in various generations of airways
The pulmonary airways in anatomy are characterized by 23 generations of branching from the trachea (generation 0) to the alveoli (generation 23) [23] . For the first 17 generations, the branch radiusR ranges from 9 mm of trachea to 0.23 mm of respiratory bronchiole, the lengthL from 120 to 1.2 mm, and the ratio of film thickness-to-airway radius ε =h 0 /R from 0.001 to 0.043. The thicknessh 0 of the liquid film adhering to the inner side of the airway wall is approximately 10 m for all branching [20] . To exemplify the transports of surfactants on various generations of airways, four representative ratios of film thickness-to-airway radius, ε = 0.001, 0.004, 0.01 and 0.043, corresponding to generations 0 (trachea), 3 (beginning of bronchiole), 7, and 17 (terminal bronchiole) are computed. The endogenous surfactant concentration Γ end is assumed to vanish and the maximum exogenous concentration reaches the saturated limit,
The time varying profiles of the non-dimensional film thickness h(z, t) and the surfactant concentration Γ (z, t) for Fig. 2 . Immediately after the instillation of the surfactant, the film develops a steep solitary wave that progresses ahead. The decrease in film thickness behind the forwarding wave is attributed to mass conservation. For low ε, small disturbances that seem not to propagate, can also be observed at the trough on the backside of wave. Accompanying the formation of the film disturbance, the surfactant spreads with the concentration at z = 0 which decreases rapidly and the front propagates forward. For the four values of ε considered, different profiles of the non-dimensional disturbed film thickness are observed. The non-dimensional concentration distributions of the surfactant, however, are virtually unaffected. This implies the existence of a similarity solution for the transport of surfactant. To further reveal the effect of the ratio of film thicknessto-airway radius ε on the film disturbance induced by Marangoni flow, temporal evolutions of (a) the peak film thickness h peak , (b) the axial coordinate of the peak z peak , (c) the trough film thickness h trough and (d) the film thickness at entrance h(0, t) are shown in Fig. 3 . As depicted in Fig. 2 , as soon as the surfactant begins to spread, a shock-like solitary wave develops immediately with its peak thickness h peak increases drastically to more than one and a half of the initial film thickness (Fig. 3(a) ). As time proceeds, the peak thickness slowly approaches an asymptotic value. The undisturbed thicknessh 0 remains approximately to be constant (≈10 −3 cm) in different generations of airways [20, 21] . The dimensional asymptotic peak thickness, therefore, is higher for smaller ε (i.e. larger radius) airway, indicating that the disturbance induced by Marangoni flow in a trachea would be more significant than that in bronchioles for the same amount of instilled surfactant. Such a solitary disturbance wave propagates with the same non-dimensional forward speed for different generations of airways as indicated by the change in axial position of the peak thickness plotted in Fig. 3(b) . Accordingly, this implies that the film disturbance would travel faster in a higher-generation (larger ε) airway.
Accompanying the rise of peak film height, the trough thickness h trough behind the solitary wave reduces as shown in Fig. 3(c) . Again, such a depressed disturbance occurs more significantly in lower-generation (smaller ε) airways.
The non-dimensional decreasing rate of film thickness at the entrance of airway, h(0, t), however, is independent of ε ( Fig. 3(d) ). Film rapture occurs when the depressed trough thickness h trough continues to decrease as the shock-like disturbed wave propagates forward. Such a rupture in airway lining ceases the transport of surfactant [10] and should be avoided in clinical treatment. Although the film will eventually reconnect, the treatment, however, is delayed. In order to study the possibility of film rapture occurrence, in particular in the lower-generation airways where significant film disturbances are induced, simulation for trachea (ε = 0.001) is re-examined by extending the non-dimensional length of airway to 20 (the typical non-dimensional length of trachea is about 13). The subsequent developments of the film thickness h(z, t) and the change of the trough thickness h trough are shown in Fig. 4 . Though the trough height continues to decrease, it tends to approach an asymptotic thickness as time proceeds (Fig. 4(b) ). As the front of the disturbance wave reaches the end of the airway (z ≈ 13 at t ≈ 400), the trough height h trough decreases to approximately 20% of the initial thickness. Film rupture never occurs as the disturbance wave travels across the entire extended airway.
In comparison with the film disturbance, which is different on various generations of airway lining, the non-dimensional properties of surfactant transport are virtually unaffected as shown in Figs. 2(e)-(h) and 5 where temporal evolutions of transport properties are plotted. In Fig. 5 , the length of concentration at the entrance of airway Γ (0, t) as shown in Fig. 5(c) . Similar to the surfactant-front advancing velocity dL mono /dt, the dropping rate dΓ(0, t)/dt decreases quickly from an extremely high speed initially (Fig. 5(d) ). The most drastic feature is that these non-dimensional properties of surfactant transport are independent of the ratio of film thickness-to-airway radius.
The effect of the initial exogenous surfactant strength
Whether stronger surfactant dose will result in better curative effect is critical in clinical therapy due to high cost of SRT. To study the effect of the initial exogenous surfactant strength on surfactant transport, various initial exogenous surfactant concentrations, Γ exo = 1, 0.8, 0.6 and 0.4 are used in the simulations for generation 7 airway (ε = 0.01). The endogenous surfactant is assumed to vanish. Fig. 6 shows the temporal developments of film disturbances and the spread of exogenous surfactant for the four values of Γ exo . As the result indicates, reducing the exogenous strength decreases the initial Marangoni stress and consequently slows down the spread of surfactant and the propagation of film disturbance wave. The evolutions of the non-dimensional properties of film disturbance shown in Fig. 7 also evidence the impact of exogenous surfactant strength on film disturbance. Accompanying the acceleration of monolayer spread, the rise of the peak film height h peak , the depression of the trough film thickness h trough and also the film thickness at entrance h(0, t) are all intensified. Although the higher strength of exogenous surfactant enhances the monolayer spreading initially, the surfactant-front advancing velocity dL mono /dt and the dropping rate at the entrance dΓ(0, t)/dt quickly decrease to similar levels as that of weaker strength initial concentration. In addition, increasing the strength of the exogenous surfactant does not necessarily proportionally improve the efficiency of monolayer spread as revealed by the increase of the monolayer length L mono in Fig. 8. 
The effect of endogenous surfactants
In all cases discussed herein, resident surfactants are assumed to be absent in the airway lining. In reality, preexisting surfactants from previous instillation or the endogenous surfactants can further complicate the transport. Such an issue has been addressed previously [13, 16, 24] . Here we consider four endogenous surfactant concentrations, Γ end = 0, 0.01, 0.05, and 0.1, which distribute uniformly in the entire lining initially. The developments of the film disturbance and the surfactant spread are illustrated in Fig. 9 and the temporal evolutions of the non-dimensional film height and concentration properties are plotted in Figs. 10 and 11 . As what has been observed in previous studies [13, 24] , the existence of the resident surfactant moderates the shock-like front of the disturbed film, even for the low endogenous-surfactant concentration considered (Fig. 9) . Both the peak height h peak of the film disturbance and its propagation speed decrease upon increasing the endogenous concentration as depicted in Fig. 10 . Nevertheless, contradictory effect of the endogenous concentration on advancing speed of the disturbance front is observed. Although the steepness and the peak height of the solitary disturbance are drastically reduced with the presence of resident surfactant, the extent of the disturbance, however, is moved forward. Such a prolonging effect also happens in surfactant concentration where the monolayer front seems to move faster for lining with pre-existing endogenous surfactant. Espinosa et al. [16] therefore conclude that the presence of an endogenous surfactant increases the spreading rate of the exogenous surfactant. Grotberg et al. [24] , however, conclude differently by arguing that the higher frontal spreading rate is attributed to the compression of endogenous surfactant concentration in regions ahead of the advancing exogenous surfactant front. The exogenous surfactant, nevertheless, does not spread more efficiently with the presence of endogenous surfactant. The conclusion of Grotberg et al. [24] can also be reinforced by examining the decreasing trend of local concentration at z = 0 (Fig. 11(c) ), which reflects the spreading rate of instilled exogenous surfactant. For the case with endogenous surfactant Γ end = 0.1, the concentration level at z = 0 is always higher than that of Γ end = 0. No obvious change in the decreasing rate of Γ (0, t) is observed with various levels of endogenous surfactants ( Fig. 11(d) ).
Concluding remarks
We study the coupled transport of an axisymmetric bolus of insoluble surfactant instilled on a thin viscous film inside an airway of circular cross-section. The transport process is modeled by assuming a small film thickness relative to the airway radius, and the evolution of the viscous film is therefore governed by the balance between the viscous and Marangoni forces. Numerical simulation of the coupled model reveals that a propagating solitary shock forms on the film accompanying the spreading of surfactant and severe thinning of film occurs beneath the initial bolus of surfactant. Although the film depresses drastically, numerical results with extended simulation time demonstrate that such severe thinning of the film does not result in film rupture within a finite time. This is consistent with the conclusion of Jensen and Grotberg [13] for a planar lining that the film deformation subject to the viscous and Marangoni forces alone is never sufficient to drive the film to rupture.
Simulations for various ratios of film thickness-to-airway radius indicate that the non-dimensional properties of surfactant transport are nearly identical and exhibit spreading rate similarity. Increasing the airway radius (decreasing the circumferential curvature), however, tends to excite short-wavelength capillary disturbances in the region of depressed film. This suggests that the planar approximation employed in the previous studies would result in similar surfactant spreading rate as in the present axisymmetric case. The disturbed film height, nevertheless, would depend on the geometry (axisymmetric or planar) of the airway.
It is acknowledged that the low Reynolds number limit employed in the lubrication model is only valid for sufficiently large radius lining (i.e. low generation of airways) where the inertial effect is negligible in comparison with the viscous and Marangoni forces. Nevertheless, for airways higher than 10th generation, the radius decreases to less than 0.5 mm and the corresponding Reynolds number increases to O(1). This apparently violates the lubrication approximation of a thin film. Further studies, both numerical and theoretical, are necessary to determine how the spreading rate similarity is affected by such a non-linear effect.
The primary objective of the present ideal model is to clarify the underlying mechanisms that govern the transport of exogenous surfactant in an axisymmetric airway lining. The study highlights a number of issues that are relevant to SRT. The general results, however, do not imply that the efficiency of surfactant delivery in SRT is solely determined by the parameters considered. The effect of sorption attributed to surfactant solubility, the non-Newtonian properties of fluid lining and the geometry of more realistic pulmonary tree, among many others, all can influence the surfactant delivery into the lungs and the final distribution. These are issues under current investigation.
